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ABSTRACT: We discuss polymer brushes containing a small fraction of minority chains that differ from
the majority brush-forming chains both in length and in chemical structure. We consider the situation
that the solvent is good for both types of chain. Furthermore, we assume that the minority chains are
longer than the brush chains and consist of adsorption-active monomers, which therefore are able to
adsorb onto grafting surface. We examine this case by numerical self-consistent-field calculations for a
lattice model and by an analytical continuum theory. The contour length and the adsorption interaction
parameter of the minority chains are the variables. With the numerical model, we show that the minority
chains undergo a cooperative transition from an adsorbed state to a flower conformation consisting of a
stretched stem and a coiled crown. The end-point distribution for the minority chains turns out to be
bimodal. The analytical theory, using a two-state approximation, describes the conformational adsorbed
chain-to-flower transition as a first-order phase transition (in the appropriate thermodynamic limit).
The dependence of the transition point on the chain length ratio, the grafting density of the brush chains,
and the adsorption energy of the minority chains is analyzed in some detail. The influence of a depletion
zone near the grafting surface in a brush on the transition point is discussed.

1. Introduction

Polymer chains attached by one end to a surface or a
liquid-liquid interface with a high enough anchoring
density form a brush. Polymer brushes are of substan-
tial technological importance for example in surface
modification, stabilization and flocculation of colloidal
dispersions, etc. Therefore, brushes have been exten-
sively investigated, both experimentally and theoreti-
cally.1-4 So far, most analytical results were obtained
for regular brushes formed by monodisperse homopoly-
mer molecules in a good solvent. The brush structure
in equilibrium is now understood rather well. Self-
consistent-field (SCF) theories provide a basic analytical
description and are widely used in interpreting experi-
mental data.5,6

However, several interesting (and strong) effects are
precisely due to an inhomogeneity in the brush compo-
sition. We argued earlier 7,8 that a minority chain A,
added to a homogeneous monodisperse brush on a flat
surface and differing from the majority brush-forming
chains B in length N, may take three different types of
conformation, depending on the lengths of NA and NB
of A and B chains, respectively [we use the subscript A
for the added (adsorbing) minority chains, and the
subscript B for the majority brush chains; the thickness
of a pure brush B is denoted as H]:

(i) If NA < NB, the minority chains form slightly
deformed random coils with both the average end height
and its fluctuation proportional to NA

1/2.
(ii) If NA > NB; the minority chain adopts an inho-

mogeneous flowerlike conformation: the added chains

A form a stem of height H (containing NB segments,
behaving just like the brush chains of length NB),
whereas the remaining NA - NB segments form a
randomly coiled crown outside the brush. The stem is
strongly stretched and fluctuates only weakly. The
transition from adsorbed state to flower (or the reverse)
occurs in a narrow range NB - NA, where the chains A
are both strongly stretched and strongly fluctuating.

(iii) The case NA ) NB is trivial: the minority chain
is identical to all other chains in the brush and adopts
parabolic profile like all of the others.

The aim of the present paper is to investigate the
properties of minority chains in regular polymer brushes.
Such a two-component system may be referred to as a
microheterogeneous brush. A small fraction of minority
chains (length NA) differs from the majority brush-
forming chains (length NB) not only in their length but
in their chemical structure as well. The grafting density
of the minority chains is assumed to be small enough
to neglect the mutual overlap of these adsorbing chains.
We consider further that NA > NB so that for nonad-
sorbing A chains a flower conformation exists. However,
A consists of adsorption-active monomers, and therefore
the A chains are able to adsorb onto the grafting surface.
Figure 1 gives a pictorial representation of an adsorbed
conformation (NA < NB, left) and a flower conformation
(NA > NB, right) in a brush of thickness H due to the B
(brush) chains. A characteristic feature of the flower
conformation (Figure 1, right) is the stretching of the
stem part of the chain A to the same extent as the brush
chains B. It is the competition between adsorption
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(Figure 1, left) and stretching (Figure 1, right) that
constitutes the central theme of our discussion.

The adsorption of an isolated polymer chain on a
planar surface has been studied.3,9-11 A fundamental
result of the adsorption theory is the existence of a
threshold effect. If the energy of attraction ε of a chain
segment is smaller than a certain critical value εcr, the
macromolecule is not adsorbed. Hence, the parameter
ε is considered to be positive for adsorption. If the energy
ε is greater than the critical value εcr, the average
number of contacts is proportional to the number of
segments, and the average position of the chain end is
independent of the chain length. For an asymptotically
long chain, the critical energy is identified as a second-
order transition point.9-11 Recently, the adsorption of a
large assembly of chains, forming a brush, was exam-
ined for the case that each segment can adsorb onto the
grafting surface.12 As a result, the brush becomes
spontaneously inhomogeneous: some of the chains are
completely adsorbed on the surface, whereas the re-
mainder constitute a regular brush.

We use two approaches, both known in the litera-
ture.1-4 The first one is a numerical mean-field model
of a regular brush. In this case, there is no assumption
made on the form of the potential profile U(z) (z is the
coordinate normal to the plane, which is situated at z
) 0). From previous studies, it is known that the
numerically found potential profile is approximately
parabolic. The second approach is an analytical one.
Here, we consider from the start a parabolic profile of
the potential field, which is characteristic of strongly
stretched brush chains. In both approaches, minority
chains are introduced in the considerations.

Because the minority chain is fully surrounded by the
excess of brush chains, the problem of finding the
conformations of a minority chain in this brush is
reduced to finding the chain conformation A in the
external field U(z). In this simplest case, the majority
and the minority chains both experience the same
potential profile U(z). However, we assume that they
still differ in their interaction with the grafting surface.
This situation can be treated exactly in a lattice ap-
proach and allows a simplified analytical treatment as
well.

We will show that the minority chains undergo a
cooperative transition from an adsorbed state to a flower
conformation with a stretched stem and a coiled crown.
The end-point distribution of the minority chains turns

out to be bimodal around the transition point, which
enables us to describe the conformational transition
from an adsorbed chain to a flower conformation as a
first-order phase transition (in the appropriate thermo-
dynamic limit). Using a two-state approximation, we
develop an analytical theory describing this chain-to-
flower transition. The adsorption energy ε* at the
transition point depends only on the brush density and
on the chain length ratio NA/NB of the adsorbing
minority chains A and the brush chains B.

2. Mathematical Formulation

We consider the situation of long minority chains A
added to a regular brush composed of shorter brush-
forming chains B. The majority chains are composed of
nonadsorbing segments. Both minority and majority
chains are flexible (and of the same flexibility), the
solvent is good for both A and B, and the A and B units
mix athermally.

The grafting density of the minority chains is much
less than (NA)-1, so we can neglect their mutual overlap.
The minority chains A thus do not affect the density
profiles formed by the majority chains B, and the
problem is reduced to that of a single chain adsorbing
in the presence of a constant external field (produced
by the polymer brush).

Because we use both lattice and continuum models,
we start with the mapping of both types of model,
especially with respect to the adsorption interaction
parameters (section 2.1). We also need to specify the
form of the chemical potential field profile produced by
polymer monolayer, and this will be discussed in section
2.2.

2.1. Adsorption of a Macromolecule in a Poten-
tial Field. There are two commonly used approaches
to the mathematical description of polymer adsorption.
The first one employs a lattice model,3,13 and the second
one is based on a continuum description and uses a
diffusion-type equation formalism.9,14,24 Both of these
approaches are well-known and widely exploited.

2.1.1. Lattice Model. We consider a polymer chain
lattice model characterized by a lattice parameter λ,
which is the transition probability for a step from a
given layer to an adjacent layer. In a simple cubic
lattice, λ ) 1/6. The bond length (lattice spacing) will be
taken as unity. The lattice layers are numbered z ) 0,
1,..., where z ) 0 corresponds to the layer adjoining the
surface. Hence, the grafted chains start in layer 0.

To account for segmental adsorption in such models,
a short-ranged attractive potential is usually introduced
acting on the chain in layer 0. An adsorption interaction
parameter ε is defined as minus the free-energy change
of a chain unit due to the formation of a contact between
this unit and a surface. We express all of the energy
parameters in units of kT. Adsorption corresponds to
positive values of ε. An important characteristic, which
depends on the lattice type, is the critical energy of
adsorption

Adsorption of a long chain in the absence of an
external field starts when ε reaches the value εcr. For
the simple cubic lattice (with λ ) 1/6), εcr ) ln(6/5). Apart
from this short-range adsorption interaction potential
ε, an external field U(z) may act on each of the chain

Figure 1. Schematic sketch of possible conformations of a
minority chain in a polymeric brush. The minority long chain
contains NA segments; the brush chains have NB segments.
The broken line shows the brush thickness, H. Two different
types of conformations for minority long chain are shown: the
adsorbed state (left) and the flower state (right). In the latter
case, the NA segments split up in NB segments in the stem
and Ncrown ) NA - NB crown segments.

εcr ) -ln(1 - λ) (1)
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units. In the present paper, this external field is
assumed to be produced by the brush-forming chains.

The statistical weight P(z, n) for a chain having its
nth unit in layer z > 0 from the surface obeys the well-
known recurrence equation which was introduced by
Rubin13 and generalized by others3 for various inhomo-
geneous polymer systems:

The boundary condition which is equivalent to the
recurrence equation for adsorbed segments (at z ) 0)
has the form:

because P(z, n) is zero for negative z. The initial con-
dition corresponding to the chain grafting is repre-
sented by

which expresses that the first segment can only start
from z ) 0. Equations 2 - 4 can be solved numerically
if the form of the U(z) profile is known.

2.1.2 Continuum Model. In a continuum model,
P(z, n) dz can be identified with the statistical weight
for a chain having its nth unit in the interval
(z, z + dz). According to Edwards,14 P(z, n) satisfies the
equation

The short-range interaction with the surface is intro-
duced through the boundary condition11

while the initial condition is

At c > 0, a macromolecule tends to stick to the
surface; for c < 0, it is desorbed. The value c ) 0
corresponds to the critical adsorption point. It has been
shown10,15 that for isolated adsorbed chains 1/c corre-
sponds to the average layer thickness.

2.1.3. Relation between the Adsorption Interac-
tion Parameters in the Two Models. The above two
models have proved to be fully equivalent in the
description of polymer adsorption problems, not only for
asymptotically long chains but also for chains of finite
length.16,17 The mapping of the two adsorption interac-
tion parameters, c and ε, was given earlier.16 For λ )
1/6, the parameter c can be written as

and

In these equations, q is defined as q ) 1 - exp(-ε), and
1 - exp(-εcr) ) 1/6.

There are asymptotic expansions of eqs 8 and 9 for
both the strong and weak adsorption limits. At strong
adsorption (ε . εcr), eq 8 reduces to

and the expansion at ε near εcr results in

Figure 2 displays the relationship between the param-
eters c and ε as given by eqs 8 and 9 for the case of a
simple cubic lattice.

We shall use this relationship to compare the results
obtained from the continuum and lattice models.

2.2. Potential Field Corresponding to a Regular
Polymer Brush. The structure and properties of
regular polymer brushes (i.e., homodisperse end-teth-
ered chains, good solvents, and no adsorption energy)
are well-investigated by now. The potential field in a
brush is generated by the brush-forming chains only.
It was shown before that in good solvents the self-
consistent potential field U(z) is related to the monomer
density profile æ(z) through

The field can be obtained either numerically by an
iterative procedure or calculated analytically in the
mean-field approximation.

Figure 2. Relation between the adsorption interaction pa-
rameters c and ε as calculated by eq 8 for a 6-choice cubic
lattice.

c2/6 ≈ ε + ln(4/6) (10)

c ≈ 5(ε - εcr) - 65/6(ε - εcr)
2 (11)

U(z) ) - ln[1 - æ(z)] (12)

P(z, n + 1) ) exp[-U(z)] [λ P(z - 1, n) +
(1 - 2λ)P(z, n) + λP(z + 1, n)] (2)

P(0, n + 1) ) exp[ε - U(0)] [(1 - 2λ)P(0, n) +
λP(1, n)] (3)

P(0, 0) ) 1

P(z, 0) ) 0 at z > 0 (4)

∂P
∂n

) 1
6

∂
2P

∂z2
- U(z)P (5)

∂ ln P(z, n)
∂z

|z)0 ) -c (6)

P(z, 0) ) δ(z) (7)

c2 ) -6 ln[6q(- 2 + x3 + 1/q)] at ε g εcr or q g 1/6
(8)

c ) 6q - 1 at ε e εcr or q e 1/6 (9)
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The self-consistent-field numerical method was de-
veloped by Scheutjens and Fleer18,19 and used for
studying the properties of regular polymer brushes.20,21

It is this standard SCF numerical procedure that we
use in the present paper to calculate the field U(z)
corresponding to brushes of different chain length and
grafting density.

It is well-known that at low grafting density both æ(z)
and U(z) have a nearly parabolic profile19-22 and æ(z) ≈
U(z). The equilibrium properties of a monodisperse
polymer brush of flexible chains are determined by the
number of chain segments NB, grafting density σ, and
the solvent quality. According to Milner et al.,22 the
analytical expression for U(z) for a good solvent is

Here, U0 is the potential field at z ) 0, and the brush
height H is defined as the distance for which U(z)
becomes zero and is given, for not too high grafting
density, by

The parameter U0 depends only on the grafting density
σ. At low σ values, U0 scales as

Analytical solutions for densely grafted brushes are
also available.23 The potential field U(z) has an ap-
proximately parabolic profile even for densely grafted
polymer layers. The more general equation, applicable
also at high grafting densities, for the brush height H
can be expressed in terms of U0 and NB as23

and at dense grafting, U0 is the root of the equation

where D(x) is the Dawson integral:

The exact solution of eq 17 and the asymptotic one for
low values of σ (eq 15) are shown in Figure 3. As follows
from this figure, the asymptotic formula (15) is a
reasonable approximation up to σ 2/3 ≈ 0.2 (i.e., to σ ≈
0.06). The same range of applicability can be assigned
to formula (14).

Inserting eq 16 into eq 13 results in a general
expression for the brush potential profile in terms of
U0 and NB:

which can be used for a wide range of grafting densities.
It was shown earlier23 that eqs 19 and 17 are in an

excellent agreement with the profiles obtained by the
numerical SCF method. Small deviations near the wall
and at the edge of the profiles exist and will be discussed
below.

We have now formulated the problem both for the
lattice and continuum models, defined all necessary
parameters for both models and established the rela-
tions between these parameters. In our lattice calcula-
tions, we shall use ε as the adsorption interaction
parameter and U(z) profiles as obtained from the SCF
method. The analytical theory is formulated in terms
of the adsorption interaction parameter c, which is
related to ε through eq 8. The function U(z) is taken in
the form of eq 19 at z e H and U(z) ) 0 at z g H, where
U0 is a known function of the grafting density σ (see eq
17 and Figure 3).

3. Numerical Results for a Long Minority Chain
in a Brush

Prior to analyzing the behavior of minority chains,
we show in Figure 4 some typical U(z) brush profiles as
obtained by the Scheutjens-Fleer SCF method3 for NB
) 100 and 400 and grafting density σ in the range from
0.02 to 0.3. As expected for small z, the field U(z) does
depend on only σ (approximately as σ2/3), whereas the
thickness H varies linearly with NB and approximately
linearly with σ1/3. Clearly, the numerical model is in
good accordance with analytical predictions. Fully in
line with reports about this comparison in the litera-

Figure 3. Parameter U0 in eq 19 as a function of σ2/3. The dashed line corresponds to the asymptotic eq 15.

U(z) ) U0[1 - (z/H)2] (13)

H ≈ (4σ/π2)1/3 NB (14)

U0 ≈ 3
2(πσ

2 )2/3
(15)

H ≈ 2
π x2U0

3
NB (16)

xU0 - D(xU0) ) πx3
8

σ (17)

D(x) ) exp(-x2) ∫0

x
exp(τ2) dτ (18)

U(z) ) U0 - 3π2

8 ( z
NB

)2
(19)
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ture,19 we mention that at the outer edges of the profiles
and near the surface there are features in the numerical
data that are not covered by the analytical analysis. In
particular, we stress the deviations near the surface.
Near the surface, the numerical data indicate a drop of
the segment potential, whereas the analytical model
assumes that the profile remains parabolic all the way
to the surface. The reason for the drop in density is that
the chains of the brush cannot penetrate the surface.
This leads to a loss in degrees of freedom for choosing
chain conformations, and as a result, a depletion layer
develops (both in densities and in segment potentials).
Recall that U(0) is the numerical segment potential in
the surface layer and U0 was used for the value expected
from the analytical model, then ∆U0 ) U0 - U(0)
assumes a positive value. Two relevant comments can
be made regarding the characteristics of the depletion
zones. The first is that the relative importance of the
discrepancy between analytical and numerical results
∆U0/U0 decreases with increasing grafting density. The
second is that at low grafting density the width of the
depletion zone is larger than at higher grafting densi-
ties. The significance of both effects will be discussed
below. We note that it is possible to (partially) mask
these effects by introducing a weak adsorption energy
for the brush chains (close to critical adsorption energy).
We did not choose to do so, giving us the possibility to
illustrate the effect of these nonuniversal features.

From the recurrence eqs 2-4, we obtained the chain
end distribution functions P(z, NA) for the minority
chains of length NA in such brushes of length NB. In all
cases, NA > NB, and NA was taken in the range of 100-
2400 and the adsorption interaction energy ε of the
minority chains was varied in the range 0 < ε < 1.0.
We also calculated the average distance 〈z〉 of the free
chain end from the adsorbing plane, its dispersion 〈δz2〉
) 〈z2〉 - 〈z〉2, and the average fraction θ of adsorbed
chain units. The latter quantity is defined as
θ ) <m>/NA, where <m> is the number of contacts
with the wall.

Figure 5 shows the P(z, NA) distribution functions for
minority long chains with NA ) 200 in a brush with NB
) 100 and σ ) 0.1, at several values of the adsorption
energy ε [P(z, NA) is normalized in this figure]. For these
distribution functions, the left-hand-side ordinate axis

applies. The potential field profile U(z) in the brush is
shown by the dashed line (right-hand-side ordinate
axis). The end height distribution turns out to be
bimodal. One can clearly distinguish two states of a
minority chain: the adsorbed state, localized near the
grafting plane for relatively high ε, and a flower state,
with a coil-like crown pushed outside the brush for low
ε. For convenience, we have indicated the brush height
H ≈ 36.6 by an arrow. With increasing ε, the adsorbed
state is more favorable, as expected. The range of ε in
which the two states coexist [i.e., where the area under
the P(z, NA) curve near the surface and near the brush
edge is comparable] is rather narrow, and at constant
ratio NA/NB, it tends to zero in the limit NA, NB f ∞
(see the analysis below).

Figure 6 displays the average height of the free end
〈z〉 (Figure 6a), its dispersion 〈δz2〉 ) 〈z2〉 - 〈z〉2 (Figure
6b), and the average fraction of adsorbed segments θ
(Figure 6c) as a function of the adsorption energy ε for
minority chains of various lengths NA. In this figure,
the ratio of the minority chain length to that of a main
chain was kept constant at NA/NB ) 2 and σ ) 0.1.

Figure 4. The potential field profiles U(z) (solid lines) calculated by the numerical SCF method for polymer brushes of different
density and chain length. σ ) 0.02 (1), 0.1 (2 and 3), and 0.3 (4); NB ) 100 (2) and 400 (1, 3, and 4). In addition, the segment
density æ(z) (dashed lines) is shown for the lowest and highest grafting densities.

Figure 5. Distribution of the free end of minority long chains
with NA ) 200 in a brush with NB ) 100 and σ ) 0.1 at several
values of the adsorption energy ε (left-hand-side ordinate axis).
The potential field profile produced by the brush is shown by
the dashed line and the arrow indicates the height H of the
brush.
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Figure 6a shows the flower state to the left (low ε)
and the adsorbed state to the right (high ε). The brush
thickness H is also indicated in the figure (dashed line).
It can be seen that 〈z〉 for the flower state is somewhat
higher than H. We return to this point in the analytical
section. At large adsorption energy, not only the average

end height but also its fluctuations are small, as shown
in Figure 6b. In this region, θ is on the order of unity
(Figure 6c), as expected for a strongly adsorbing isolated
minority chain. As ε decreases 〈z〉 increases rather
abruptly, θ decreases steeply, and 〈δz2〉 passes through
a maximum. Beyond that, at low ε, 〈z〉 and 〈δz2〉 become

b

a

c

Figure 6. Dependences of (a) the average position 〈z〉 of the free end, (b) its dispersion 〈δz2〉 ) 〈z2〉 - 〈z〉2, and (c) the average
fraction of adsorbed segments θ ) 〈m〉 /NA for minority chains of different lengths NA on the adsorption interaction parameter ε.
The values of NA are shown at the curves. The brush parameters are σ ) 0.1 and NB ) NA/2. The ordinate axes in a and b have
logarithmic scales. In a, the brush height H is indicated as the dashed horizontal lines.
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essentially constant, at a level which increases with
increasing NA. At the same time, θ tends to zero. This
is typical for a flower conformation of the minority
chains.

Figure 6 shows that the transition between these
conformations is rather smooth at small NA. However,
with increasing NA (and NB ) NA/2) the transition takes
the form of a steplike function. Hence, we may define a
transition-point energy ε* which separates the two
states. This may be determined from the intersection
points in Figure 6a,c or from the position of the
maximum in Figure 6b. For convenience, we choose the
point where the dispersion 〈δz2〉 has its maximum.

Figure 7 displays the dependence of ε* on 1/NA at
various NB and grafting density σ ) 0.02 (Figure 7a)
and σ ) 0.1 (Figure 7b). In all cases, ε* is a decreasing
function of 1/NA which is almost linear. At given grafting
density σ, all lines corresponding to different NB values
tend to the same limiting value, as shown by the
extrapolation to 1/NA ) 0 in Figure 7; these extrapolated
curves (dotted) are drawn as a guide to the eye. The
limiting value of 1/NA ) 0 depends only on the grafting
density σ.

Figure 8 displays the transition-point energy ε* as a
function of the ratio NB/NA for brushes of different
grafting density. For each σ, NB was varied in the range

from 50 to 600. As can be seen, every set of data
corresponding to a given value of σ merges into a single
line when plotted in the coordinates of Figure 8. All of
the curves of Figure 7a collapse into the first line from
below in Figure 8 (σ ) 0.02) and those of Figure 7b into
the second line from the top. In the following sections,
we will discuss how all of the curves of Figure 8 may be
transformed into one master curve by an appropriate
scaling with σ.

To extract more physical insight from these numerical
results, it is useful to develop an analytical treatment
of the problem. This will be done in the next section.

4. Analytical Approach

A complete analytical solution of eqs. 5, 6, and 17 is
still rather difficult. However the problem can be
simplified by taking into account the bimodal character
of the chain end distributions in the vicinity of the
transition point: two types of minority conformations
in a brush dominate. One is an adsorbed state in a
nearly constant field U(z) ≈ U0, the other is a flowerlike
conformation with a stem inside the brush and a coiled
crown at the outside. The equations describing both
types of conformations are available, so that approxi-
mate analytical equations for the problem under con-
sideration can be easily constructed.

b

a

Figure 7. Dependencies of the transition-point energy ε* upon 1/NA for σ ) (a) 0.02 and (b) 0.1. The values of NB are specified
near the lines. The extrapolation of the numerical data toward 1/NA ) 0 is shown as the dotted curves merging into one point on
the ordinate axis.
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4.1. Adsorbed State. A long polymer chain adsorbed
inside a regular brush consists of trains and short loops.
When the adsorption energy parameter ε is not very
close to its critical value εcr, the length of a typical loop
is independent of the molecular weight of the chain. We
consider situations that the minority chains do not
overlap. We assume that the main brush chains are long
enough so that nloop , NA. Then, the effect of the
potential profile U(z) becomes trivial: it is the same as
that of a constant potential U0. In this approximation,
all of the restricted partition functions P(z) for an
adsorbed minority chain in the brush are given by those
for an isolated adsorbed chain, P0(z), times the Boltz-
mann factor accounting for the constant external po-
tential:

The solution of eqs 5 and 6 for an isolated Gaussian
chain (fixed by one end on the plane) for which the
segments can adsorb on the surface [i.e., for the case
U(z) ) 0] was obtained by Lepine and Caille24 and
others.9 This solution has the following form:

where R ) (NA/6)1/2 is the radius of gyration and the
function Y(t) is given by Y(t) ) exp(t2)erfc(t), with erfc-
(t) the complementary error function. In eq 21, we
introduced two scaled variables: z̃ ) z/2R and c̃ ) cR.
The function Y(t) has the asymptotic behavior Y(t) ) 2
exp(t2) for -t . 1 and Y(t) ) 1 - (2/xπ)t for |t| , 1.
Integrating over z gives the full partition function for a
grafted isolated chain:

According to earlier results,25,26 the restricted parti-
tion function for a chain with a given number m of
adsorbed segments is

where m/2R.
Using eqs 20-23, we obtain the following scaled

averages for the minority chain in the adsorbed state:
the number of contacts with the plane 〈m̃〉, the average

position of the free end 〈z̃〉, and the dispersion of the
scaled height 〈δz2〉

In the case of strong adsorption (at c̃ . 1) the partition
functions of a minority chain in an adsorbed state have
the following asymptotic forms:

The average adsorbed chain parameters are now easily
obtained:

4.2. Flower Conformation of a Long Minority
Chain. As shown in Figure 5, when ε < ε*, a long chain
in a brush with NA > NB exists in a flowerlike confor-
mation with a stretched stem and a coiled crown. Such
conformations have been analyzed in detail,8 and the
basic formulas for the flowerlike state are available. For
deriving the partition function for the flowerlike state,
we follow the lines of Skvortsov et al.8

The minimum of the mean-field free energy in the
Newtonian strong-stretching limit corresponds to the
conformation where the first NB segments of the chain
lie within the brush and the Ncrown ) NA - NB remaining
segments form a crown outside the brush. Then, the
partition function for the flower conformation can be
approximated as:

Figure 8. The transition-point adsorption energy ε* as a function of the length ratio NB/NA. The values of NB vary from 50 to
600. The grafting density σ is indicated.

P(z) ) P0(z)exp(-NAU0) (20)

P0(z̃) ) (πR2)-1/2{exp[-(z̃)2][1 + π1/2c̃Y(z̃ - c̃)]} (21)

Q0 ) Y(-c̃) (22)

P0(m̃) ) (πR2)-1/2 exp(c̃2)exp[-(m̃ - c̃)2] (23)

〈m̃〉 ) [π1/2Y(-c̃)]-1 + c̃ (24)

〈z̃〉 ) [Y(-c̃)-1][2c̃Y(-c̃)]-1 (25)

〈δz̃2〉 ) {[Y2(-c̃) - 1]
4

-
c̃Y(-c̃)

xπ }[c̃Y(-c̃)]-2 (26)

Qads ≈ 2exp[(c2/6-U0)NA] (27)

Pads(z) ≈ 2c exp[(c2

6
- U0)NA]exp(-cz) (28)

Pads(m) )

(πR2)-1/2exp[(c2/6 - U0)NA]exp[-
3(m - c)2

2NA
] (29)

〈m〉ads ≈ 1/3NAc (30a)

〈z〉ads ≈ c-1 (30b)

〈δz2〉ads ≈ c-2 (30c)
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A nonexponential correction coming from integrating
over all possible stem lengths is omitted in the present
treatment.

The function Pstem in eq 31 has been calculated8 with
the assumption that the stem part of the flower confor-
mation can be considered as a chain in a brush with
the NBth segment fixed at brush height H. According
to Skvortsov et al.,8 Pstem has the form:

Because the flower conformation has a crown outside
the brush (see Figure 5), it is reasonable to consider a
crown as an isolated chain grafted to the outer brush
boundary (i.e., to the repulsive planar surface that is
situated at z ) H). Note that the nonadsorbing boundary
condition is practically equivalent to taking the limit of
large negative c in the general boundary condition (6).
It is well-known that the average number of segments
contacting a repulsive plane is quite insensitive to the
adsorption interaction strength, as long as it stays below
a certain critical value. Therefore, the flower conforma-
tion can be approximated as being independent of c (or
ε), and we can employ the results obtained for a
nonadsorbing boundary condition. For z > H we use eq
21 with large negative c̃ ) cRcrown, z̃ ) (z - H)/(2Rcrown)
and Rcrown ) (Ncrown/6)1/2. Then we have asymptotically
for Ncrown .1

For a polymer chain in the flower conformation, the
restricted partition function for a given height of the
free end is given by multiplying Pstem, eq 32, and Pcrown,
eq 33:

where z > H.
Integrating over z from H to infinity yields the

partition function for the flower state:

The average characteristics of flowerlike chains are

The average number of contacts of a minority chain with
the grafting surface is small, so 〈m〉/NA is close to zero.

4.3. Results of the Two-State Theory. As men-
tioned previously, we can write the partition function
for a long minority chain in a brush as a sum over two

well-defined states:

The average height of a free end is

and similar expressions can be written for the other
averages (e.g., the average number of contacts with the
wall).

From eqs 27, 30, and 35-40, with Rcrown )

x(NA-NB)/6, we obtain the following asymptotic for-
mulas for the flower state (F), the transition point (T),
and the adsorbed state (A):

The transition point is defined by the condition that
the partition functions for the adsorbed and the flower
states are equal. Retaining only the exponential terms
in eqs 27 and 35, we get a surprisingly simple result
for the transition point:

We recall that U0 is only a function of the grafting
density; see eq 15 and 17 and Figure 3. Equation 44
describes the first-order transition line in the phase
diagram. For c2 > 6U0, the adsorbed state is thermo-
dynamically stable for minority chains of any length.
In the opposite case, c2 < 6U0, minority chains with NA
less than the critical value

exist in the adsorbed state, whereas longer chains (NA

> NA
/ ) take the flower conformations.

In the limit NA . NB, eq 45 reduces to (c*)2 ) 6U0 or
(at σ < 0.06) to

The left-hand side of eq 46 can be interpreted as the
inverse average thickness (the size of the adsorption
blob) of an adsorbed isolated minority chain at the
grafting plane. The right-hand side scales as the inverse
blob size in the brush formed by majority chains. The
condition for the free energies of the two states to be
equal can thus be reformulated in terms of blob sizes.
As soon as the adsorption blob size exceeds the blob size
of the brush, the chain does not like to remain adsorbed.

Pflower(z, NA) ≈ Pstem(NB)Pcrown(z, Ncrown) (31)

Pstem ≈ (3/NB)1/2exp(-NBU0) (32)

Pcrown(z, Ncrown) ) 1

2xπRcrown
3

(z - H)exp{-
(z - H)2

4Rcrown
2 }

(33)

Pcrown(z, NA) ≈

9( 2
πNB

)1/2 (z - H)

Ncrown
3/2

exp(-NBU0)exp{-
3(z - H)2

2Ncrown
} (34)

Qflower ) ( 2
πNB

)1/2 3
Ncrown

1/2
exp(-NBU0) (35)

〈z〉flower ≈ H + (πNcrown/6)1/2 (36)

〈z2〉flower ≈ H + (2π/3)1/2 HNcrown
1/2 + 2/3 Ncrown (37)

〈δz2〉flower ≈ (4 - π)
6

Ncrown (38)

Q ) Qads + Qflower (39)

〈z〉 ) 〈zads〉
Qads

Q
+ 〈zflower〉

Qflower

Q
(40)

〈m〉
NA

) {0 (F)
c/6 (T)
c/3 (A)

(41)

〈z〉 ) {H + xπRcrown (F)
1/2(H + xπRcrown) (T)

c-1 (A)
(42)

〈δz2〉 ≈

{(4 - π)Rcrown
2 (F)

(H2 )2[1 + 2xπ(Rcrown

H ) + (8 - π)(Rcrown

H )2] (T)

c-2 (A)

(43)

(c*)2/6 ) U0(1 - NB/NA) (44)

NA
/ ) NB(1 - c2/6U0)

-1 (45)

c* ≈ 3(πσ/2)1/3 (46)
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Desorption in this case implies the formation of a flow-
state as the chain remains terminally attached. If, on
the other hand, the chains are not end-tethered, they
may leave the brush as soon as the adsorption blob
exceeds the brush blob, and they will be adsorbed
otherwise. It is possible to measure experimentally the
amount of adsorbed polymer by depletion experiments,
and the affinity of the polymer for the surface can be
altered by changing, for example, the temperature or
some solution characteristic (adding displacers or chang-
ing the pH). Thus, one can measure the critical point of
adsorption. Recall that the prediction of the transition
point c* indicates that this point is not a function of the
molecular weight MB of the brush chains, nor of that
MF of the free chains. The width of the adsorption/
desorption transition is expected to be proportional to
(MF)-1 (cf., Figure 6c). The transition point, eq 46, scales
as the brush blob: it is a function of the brush grafting
density only. As a consequence, one can deduce from
an experimentally determined adsorption/desorption
point for free chains the grafting density of the brush.
This provides a new method to determine this quantity
experimentally. As the adsorption/desorption transition
of free chains adsorbing onto the grafting surface of the
brush is a first-order phase transition, one should expect
a peak in the heat capacity. These enthalpic effects can
be measured by microcalorimetry. The origin of the heat

liberated at the transition is the sudden change in
number of polymer-surface contacts and, therefore, the
enthalpy of the transition scales as MFc* per adsorbed
molecule.

5. Comparison of Analytical and Numerical
Results

According to eq 43 the dispersion 〈δz2〉 ) 〈z2〉 - 〈z〉2 of
the free end in the flower state is approximately
proportional to Rcrown

2 ) (NA - NB)/6, and it does not
depend on the brush density σ. At the transition point
the reduced dispersion 〈δz2〉/(H/2)2 depends only on the
ratio Rcrown/H. In the adsorbed state, 〈δz2〉 depends
neither on NA nor on the brush parameters (see Figure
5).

Figure 9a displays the variation of the dispersion 〈δz2〉
as a function of Rcrown

2 at ε ) 0 (flower regime) for
minority chains of various length in brushes of various
density. Figure 9b shows the dependence of 〈δz2〉/(H/2)2

at the transition point on the parameter Rcrown/H. One
can see that in both cases the agreement between
numerical and analytical results is quite reasonable.
Upon an increase of grafting density σ, the curves found
by the numerical method in Figure 9a tend toward the
dotted straight line. The slope of this line is (4 - π) ≈
0.86, which corresponds to part F of eq 43. In Figure

b

a

Figure 9. (a) Dispersion of the position of the free end of minority chains, 〈δz2〉 ) 〈z2〉 - 〈z〉2, as a function of R2
crown at an adsorption

energy ε < ε* and (b) dependence of 〈δz2〉/(H/2)2 on the ratio Rcrown/H at the transition point ε ) ε*. The dotted lines are drawn
according to eq 43.
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9b, all of the numerical data points, corresponding to
different values of σ, NB, and NA values, are situated
very closely to the dotted curve expressing the analytical
result of part T of eq 43.

Let us return for a moment to Figure 8, which shows
the transition-point energy ε* as a function of the ratio
NB/NA at several values of the grafting density σ, and
try to find a master curve representing the phase
diagram of our system. According to eq 44, we should
replot the data for various values of NA, NB, and σ in
the coordinates (c*)2/6U0 versus (1 - NB/NA). This is
done in Figure 10a. It is clear that not all of the data
collapse onto a universal line as suggested by eq. 44.
Instead we see systematic deviations as a function of
the grafting density. One may suggest that the origin
of the failure is the fact that in the numerical calcula-
tions a real brush profile with a self-consistent value of
U(0) near the wall was used whereas in the analytical
predictions a constant U0 value was taken. It was
concluded from Figure 4 that the relative difference
between U(0) and U0 increases with decreasing grafting
density. The deviations seen in Figure 10a are of the
same order. To test this hypothesis, we have replotted
in Figure 10b the same data, taking into account the

difference in external field potential for the adsorbing
state in layer z ) 0. The conclusion from this operation
is indeed that the lines tend to the master curve for high
grafting densities, but for low grafting densities some
overcompensation occurs. This overcompensation can
easily be explained. We recall that at low grafting
densities the width of the depletion region near the
surface is wider than for high grafting densities. This
means that U(1) [and perhaps U(2)] also deviates from
U0. Moreover, the adsorption energy, c*, at the transi-
tion for low brush grafting densities is lower than for
high brush grafting densities. The layer thickness is
proportional to c-1, and thus, we should expect an
adsorbed layer with more loops. These loops can probe
the potential U(1), which is between U(0) and U0. In
the compensation, it was wrongly assumed that all
adsorbed segments were feeling U(0), but some of them
feel U(1). Consequently, an overcompensation is pro-
duced. Recall again, that when for the brush-forming
chains a weak adsorption energy (close to critical) would
have been used, the depletion dip near the surface would
have been nearly absent and all points would have
collapsed onto the dashed line in the coordinates of
Figure 10a. Thus, when nonuniversal features near the
surface are absent, we may expect that the analytical
predictions correctly give the phase diagram of the
system. Therefore in the following we will discuss the
feature of the phase diagram concentrating on the
dashed line (predicted from eq 44).

Figure 10 can be viewed as the phase diagram for an
adsorption transition of a long minority chain in a
polymer brush. The values of the adsorption interaction
parameter, the brush density, and the contour length
ratio NB/NA that fall above the dashed line result in
adsorbed minority chains localized near the grafting
plane; the parameter combinations below the line
produce a flower conformation.

It is clear from the phase diagram of Figure 10 that,
by changing the adsorption interaction parameter for
minority chains, one can cross the line and a conforma-
tional transition will occur. This transition is ac-
companied by a jump in the position of the free end and
in the number of contacts with the plane (see Figure
6a,c) and therefore by an enthalpy jump. In the ther-
modynamic limit NAf ∞, NBf ∞, one can expect the
transition to become a first-order phase transition.

At constant adsorption interaction, a conformation
transition can be achieved by changing the brush
density σ or the contour length ratio NB/NA.

6. Discussion

When a minority chain (with length NA) which is able
to adsorb onto a grafting planar surface is placed in a
monodisperse brush (composed of nonadsorbing chains
of length NB), it can take one of two types of conforma-
tion: adsorbed or flower (provided that NA > NB). The
adsorption strength at which the transition occurs
depends on the grafting density of the brush-forming
chains and on the chain length ratio. The transition
between these two conformations has features of a first-
order phase transition with an abrupt change in the
energy and in the average position of the chain free end.

When NA < NB, the situation is of minor interest. The
adsorption transition from an adsorbed state to a
mushroom inside the brush will only differ slightly from
the adsorption transition in absence of a brush. This
transition is known to be a second-order transition.

b

a

Figure 10. (a) Phase diagram of a long minority chain in a
polymer brush in the coordinates c2/6U0 versus (1 - NB/NA).
Points represent the numerical data shown in Figure 8. The
dashed line is the prediction of eq 44. The solid lines are guides
for the eye “connecting” data points for the indicated grafting
densities. (b) Phase diagram of a long minority chain in a
polymer brush in the coordinates c2/6U0 + ∆U0/U0 versus
(1 - NB/NA).
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When the minority chain length approaches the length
of the main chain NAf NB, the transition point tends
to c ) 0 as in the case of NA < NB, but now the transition
is from an adsorbed state to a stretched one resembling
the conformations of the brush chains. In this case, the
distinct flower state cannot develop, and as a conse-
quence, a continuous second-order transition is again
expected. Thus, only when NA > NB is the transition
first-order. The case NA ≈ NB is rather delicate, and a
detailed analysis of this situation will be presented in
a separate paper.

Because minority chains in the adsorbed state are
surrounded by brush-forming chains, one might be
tempted to draw an analogy with the adsorption of
polymers from a semidilute solution. However, the
situation becomes qualitatively different when the
minority chain is long enough to explore the space
outside the brush. Then the situation resembles that of
an isolated polymer chain adsorbing onto a plane in the
presence of a finite-range repulsive external field. In
good approximation, this field can be considered as
constant in the region close to the grafting plane as
follows from the following arguments.

From eq 27, it follows that the free energy per
segment for a minority chain in the adsorbed state is a
parabolic function of the adsorption parameter c:

In the previous section, we proved that for densely
grafted brushes the detailed structure of the brush is
not very important.

At the same time, the free energy of the flower
conformation is independent of c:

Thus, the flower conformation is also rather insensitive
to the structure of the brush, as long as the brush
provides an effective repulsive plane for the crown of
the flower to develop. The two branches of the free
energy (a parabola, eq 47, and a straight line, eq 48)
are limiting equations for long minority chains (as well
as long brush chains), and the intersection of these two
branches corresponds to a first-order phase transition.
As for densely grafted brushes, both branches do not
depend strongly on the detailed structure of brush, and
we thus can consider a step-function for the repulsive
external field U(z) without losing the characteristics of
the transition. In principle, similar phenomena may
thus be expected for end-grafted adsorbing chains in
arbitrary external steplike potential profiles.

Microheterogeneous polymer brushes present a class
of systems with remarkable properties. As in our
system, we have shown that small changes in external
conditions or changes in chain length ratio can influence
the structural properties of the minority component
dramatically. The minority chain can either be on the
outside of the brush or hidden away on the inside. This
may have significant consequence with respect to, for
example, adhesion effects in colloidal stability or cell
recognition in biological systems. It is very likely that
it will prove possible to design applications which are
adaptive in the sense that some surface property can

be switched on or switched off by the mechanism
discussed above. For such a system to be of practical
interest, however, it is necessary that the time scale
needed for the switching is fast enough for the response
time needed in the application. Thus, the investigation
of the dynamics of such heterogeneous brushes is of
special interest.

Many further extensions and generalizations of the
present analysis are of considerable interest as well. For
example, one may study the influence of the grafting
density of minority chains and the effect of differences
in solvent quality of the two types of chains. Work along
these lines is in progress.
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